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First, we study a square fermionic lattice that supports the existence of massless Dirac fermions,
where the Dirac points are protected by a hidden symmetry. We also consider two modified models
with a staggered potential and the diagonal hopping terms, respectively. In the modified model
with a staggered potential, the Dirac points exist in some range of magnitude of the staggered
potential, and move with the variation of the staggered potential. When the magnitude of the
staggered potential reaches a critical value, the two Dirac points merge. In the modified model
with the diagonal hopping terms, the Dirac points always exist and just move with the variation
of amplitude of the diagonal hopping. We develop a mapping method to find hidden symmetries
evolving with the parameters. In the two modified models, the Dirac points are protected by this
kind of hidden symmetry, and their moving and merging process can be explained by the evolution
of the hidden symmetry along with the variation of the corresponding parameter.
PACS numbers: 71.10.Fd, 71.10.Pm, 02.20.-a, 03.65.Vf
I. INTRODUCTION
Success in the preparation of graphene has led to an
enormous amount of interests in massless Dirac fermions
in condensed matter physics.1–5 Many schemes on the
simulation of massless Dirac fermions in optical lat-
tices have been proposed theoretically6–10 and verified
experimentally.11 The recent discovery of topological
insulators12–14 and Weyl semimetals15–19 further facili-
tated the research on massless Dirac fermions in con-
densed matter systems.
In condensed matter materials, Dirac fermions appear
as emergent particles near Dirac points in the Brillouin
zone, where the band degeneracies occur. Around Dirac
points, the dispersion relation is linear and can be de-
scribed by the Dirac equation. Sometimes, the chirality
can be defined for massless Dirac fermions, which can
be considered as Weyl fermions.20 In three-dimensional
materials, the band degeneracy at Dirac points can be
accidental. The von Neumann-Wigner theorem tells us
that, to achieve such a two-band accidental degeneracy,
three real parameters are required to be tuned.21 Thus,
accidental band degeneracies are vanishingly improbable
in two dimensions if there are not additional symmetry
constraints.22 Therefore, in two dimensions, the band
degeneracy at Dirac points must be protected by some
symmetry. In general, the band degeneracy is protected
by point groups or time-reversal symmetry. Recently,
the author has shown that touching points of some two-
dimensional lattices are protected by a kind of hidden
symmetry.20 These hidden symmetries are discrete sym-
metries with antiunitary composite operators, which, in
general, consist of a translation, a complex conjugation
and a sublattice exchange, and sometimes they also in-
clude a local gauge transformation and a rotation.
In this paper, we first consider a square fermionic lat-
tice supporting the existence of massless Dirac fermions,
where the Dirac points are protected by a hidden symme-
try. We regard this model as the original model. We also
consider two modified models with a staggered poten-
tial and the diagonal hopping terms, respectively. In the
modified model with a staggered potential, the two Dirac
points with opposite topological charges move away from
or towards each other with increasing magnitude of the
staggered potential. When the magnitude of the stag-
gered potential arrives at a critical value, the two Dirac
points with opposite topological charges merge, and if
we continue to increase the magnitude of the staggered
potential, a gap opens and the system becomes an insu-
lator. In the modified model with the diagonal hopping
terms, the two Dirac points in the Brillouin zone move
with increasing amplitude of the diagonal hopping in two
opposite directions, respectively. As the amplitude of
the diagonal hopping approaches infinity, the two Dirac
points asymptotically approach the kx = 0 line, but they
never vanish. We will show that, in these two modified
models, the Dirac points are protected by a hidden sym-
metry, the moving of Dirac points can be explained by
the evolution of hidden symmetry along with the varia-
tion of the corresponding parameter, and the merging of
Dirac points in the modified model with a staggered po-
tential can be interpreted from the disappearance of the
hidden-symmetry-invariant points in the Brillouin zone.
II. MODEL
First, we consider the original model that consists of
two sublattices denoted as A and B, respectively, as
shown in Fig.1(a). The two sublattices have the lattice
spacings 2d and d in the x and y directions, respectively.
For sublattice B, along the y direction, there exists an
accompanying phase pi of hopping between two neighbor
lattice sites. For each sublattice, the primitive lattice vec-
tors are defined as a1 = (2d, 0) and a2 = (0, d). In the
following process, for simplicity, we assume d = 1. The
tight-binding Hamiltonian for the original model can be
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FIG. 1: (Color online). Schematic of the square lattice for (a)
the original model and the modified model with a staggered
potential, (b) the modified model with the diagonal hopping
terms. Here, the arrows represent a pi accompanying phase in
the vertical hopping; The dashed lines represent a pi accom-
panying phase in the diagonal hopping; the blue and green
filled circles represent the lattice sites of sublattices A and B,
respectively.
written as,
H0 = −
∑
i∈A
[txa
†
i bi+xˆ + txa
†
i bi−xˆ
+tya
†
iai+yˆ + tye
−ipib†i+xˆbi+xˆ+yˆ + H.c.], (1)
where ai is the annihilation operator that destructs a
particle in the Wannier state wAi (r) = w
A
0 (r − RAi ) lo-
cated at the site i in sublattice A, and bj is the annihila-
tion operator destructing a particle in the Wannier state
wBj (r) = w
B
0 (r −RBj ) located at the site j in sublattice
B; the subscript i ≡ (ix, iy) is the coordinate for the lat-
tice sites; xˆ = (1, 0) and yˆ = (0, 1) represent the unit
vectors in the x and y directions, respectively; tx and ty
are the amplitudes of hopping along the x and y direc-
tions, respectively. Without loss of generality, we assume
that tx and ty are positive in the following process.
Based on the original model, we will consider two mod-
ified models with different adding terms, respectively. In
the first modified model, we add a staggered potential
to the original model. The total Hamiltonian can be de-
scribed by H1 = H0 + Hs, where Hs is the staggered
potential Hamiltonian as
Hs = −v
∑
i∈A
a†iai + v
∑
j∈B
b†jbj , (2)
where v is the magnitude of the staggered potential. In
the second modified model, we add the diagonal hopping
terms to the original model, which is shown in Fig.1(b).
The Hamiltonian is H2 = H0 + Hd, where Hd is the
diagonal hopping Hamiltonian as
Hd = −txy
∑
i∈A
[a†i bi+xˆ+yˆ + a
†
i bi−xˆ−yˆ
−a†i bi−xˆ+yˆ − a†i bi+xˆ−yˆ + H.c.], (3)
where txy is the amplitude of hopping along the diagonal
direction.
For the original model and the two modified models,
the lattice vectors can be expressed as Rn = n1a1+n2a2
with n1 and n2 being integers. We chose a lattice site
in sublattice A as the origin, then the lattice sites in
sublattice A and sublattice B can be written asRAn = Rn
and RBn = Rn + a1/2. In the reciprocal lattice, the
reciprocal lattice vectors are defined as Km = m1b1 +
m2b2, where m1 and m2 are integers, and b1 = (pi, 0) and
b2 = (0, 2pi) are the corresponding primitive reciprocal-
lattice vectors. Thus, the Brillouin zone is −pi/2 ≤ kx ≤
pi/2,−pi ≤ ky ≤ pi, as shown in Fig.2(b).
III. MASSLESS DIRAC FERMIONS, MOVING
AND MERGING OF DIRAC POINTS
In this section, we show that Dirac points exist in the
original model. In the modified model with a staggered
potential, the Dirac points in the Brillouin zone move
when the magnitude of the staggered potential changes,
and they merge when the magnitude of the staggered
potential arrives at a critical value. In the modified model
with the diagonal hopping terms, the two Dirac points in
the Brillouin zone move towards two opposite directions
as the amplitude of the diagonal hopping increases, and
they never vanish or merge for any value of the amplitude
of the diagonal hopping.
A. The original model
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FIG. 2: (Color online). (a) The dispersion relation and (b)
the Brillouin zone for the original model. Here, the filled
circles represent the Υ-invariant points M1,M2,M3 and M4.
The band degeneracy occurs at M1,2 marked by the blue color
and does not at M3,4 marked by the green color.
For the original model, we take the Fourier’s transfor-
mation to the annihilation operators as
ak =
1√
N
∑
i
aie
−ik·RAi , (4)
bk =
1√
N
∑
j
bje
−ik·RBj , (5)
3and define the two-component annihilation operator as
ηk ≡ [ak, bk]T . The total Hamiltonian H = H0 +H1 can
be rewritten as H =
∑
k η
†
kH0(k)ηk with
H0(k) = −2tx cos kxσx − 2ty cos kyσz, (6)
and σx and σz are the Pauli matrices.
Diagonalizing Eq.(6), we obtain the dispersion relation
as
E0(k) = ±
√
4t2x cos
2 kx + 4t2y cos k
2
y. (7)
The corresponding Bloch functions can be expressed as
Ψ
(0)
k (r) ≡
(
u
(0)
1,k(r)
u
(0)
2,k(r)
)
eik·r, (8)
where u
(0)
i,k(r) = u
(0)
i,k(r +Rn). In the momentum space,
the Bloch function Ψ
(0)
k (r) and eigenenergy E0(k) are
periodic for reciprocal lattice vectors, i.e. Ψ
(0)
k (r) =
Ψ
(0)
k+Km
(r) and E0(k) = E0(k +Km).
The conduction and valence bands touch at
(±pi/2,±pi/2), which are located at the boundary
of the Brillouin zone as shown in Fig.2(a). Among these
degenerate points, there are only two distinct ones. Near
these degenerate points, the single-particle Hamiltonian
(6) can be linearized as
h(p) = 2txpxσx ± 2typyσz, (9)
where the signs ± representing the linearized Hamilto-
nian around the different touching points, respectively.
Around the touching points, the quasiparticles behave
like massless Dirac fermions. For these massless Dirac
fermions, a chirality can be defined as20
w = sgn[det(vij)] = ±1, (10)
for a two-dimensional Hamiltonian h(k) =
∑
ij vijkiσj ,
with k and σ being the wave vector and the Pauli ma-
trix in two dimensions, respectively. If we use σy to rede-
note σz in Eq.(9), the corresponding quasiparticles have
a chirality ±1 as defined above. The quasiparticles are
massless Dirac fermions with a chirality, so they can be
considered as two-dimensional Weyl fermions. The chi-
rality of Dirac points can be considered as a topological
charge.
B. The modified model with a staggered potential
For the modified model with a staggered potential, the
Bloch Hamiltonian can be written as
H1(k) = −2tx cos kxσx − (v + 2ty cos ky)σz, (11)
and the corresponding dispersion relation is
E1(k) = ±
√
4t2x cos
2 kx + (v + 2ty cos ky)2. (12)
FIG. 3: (Color online). The dispersion relation of the mod-
ified model with a staggered potential with tx = ty = t and
(a) v = ty, (b) v = 2ty, (c) v = 3ty,(d) v = −ty, (e) v = −2ty,
(f) v = −3ty
In this model, the energy dispersion relation (12) pos-
sesses Dirac points at (pi/2,± arccos(−v/2ty)) in the Bril-
louin zone for |v| < 2ty, as shown Fig.(3)(a) and (d).
We find that the two distinct Dirac points move as v
changes. For the positive v, with increasing v, the two
Dirac points move away from each other. When v = 0,
the Dirac points are located at points (pi/2,±pi/2) as
shown in Fig.2(a). When v changes from 0 to ty, the two
distinct Dirac points move to (pi/2,±2pi/3), respectively,
as shown in 3(a). When v arrives at 2ty, the two Dirac
points move to (pi/2,±pi), which are the same point on
the boundary of the Brillouin zone as shown in Fig.3(b),
that is to say, the Dirac points merge. If one continues to
increase v to v > 2ty, a gap opens, as shown in Fig.3 (c).
Then the system turns into an insulator. For the neg-
ative v, with increasing |v|, the two Dirac points move
towards each other. When v changes from 0 to −ty, the
two distinct Dirac points move to (pi/2,±pi/3), respec-
tively, as shown in 3(d). When v arrives at −2ty, the
two Dirac points merge at the point (pi/2, 0) as shown
in 3(e). When v is less than −2ty, a gap opens and the
systems turns into an insulator, as shown in Fig.3(f).
The above merging process of Dirac points can be in-
terpreted from the topological view. Two Dirac points
have opposite chirality, that is to say, they have oppo-
site topological charges. As long as the band touch-
ing points are protected by a symmetry, the topological
4charges can not be destroyed, and the system is a topo-
logical semimetal. However, when the Dirac points with
opposite topological charges meet, they merge and the
opposite topological charges annihilate each other.23 A
further increase of |v| makes a gap open and the system
turns into an insulator.
C. The modified model with the diagonal hopping
terms
FIG. 4: (color online). The dispersion relation of the modified
model with the diagonal hopping terms with tx = ty = t and
(a) txy = tx, (b) txy = −tx.
For the modified model with the diagonal hopping
terms, the Bloch Hamiltonian can be expressed as
H2(k) = −(2tx cos kx + 4txy sin kx sin ky)σx
−2ty cos kyσz, (13)
and the corresponding dispersion relation is
E2(k) = ±
√
(2tx cos kx + 4txy sin kx sin ky)2 + 4t2y cos
2 ky.
(14)
In this model, the bands touch at the points
(− arctan(tx/2txy), pi/2) and (arctan(tx/2txy),−pi/2) in
the Brillouin zone. Near these degenerate points, the
dispersion relation is linear. Thus, these points are also
Dirac points and have a chirality defined above. Com-
pared with the original model, the Dirac points have a
shift in the Brillouin zone. For the case txy/tx > 0, with
increasing |txy|, the Dirac point in the ky > 0 half part of
the Brillouin zone moves towards the x direction, while
the Dirac point in the ky < 0 half part of the Brillouin
zone moves towards the negative x direction as shown
in Fig.4(a). When the parameter |txy| approaches infin-
ity, the Dirac points move asymptotically to the kx = 0
line. For the case of txy/tx < 0, the Dirac points have
similar shifts but with the opposite directions compared
with the case of txy/tx > 0. That is to say, the Dirac
point in the ky > 0 half part of the Brillouin zone moves
towards the negative x direction, while the Dirac point
in the ky < 0 half part of the Brillouin towards the x
direction as shown in Fig.4(b). For any value of the pa-
rameter txy, the system remains gapless and the Dirac
points never merge, which is different from the modified
model with a staggered potential.
IV. EXPLANATION FROM HIDDEN
SYMMETRY PROTECTION
In this section, we prove that the Dirac points are
protected by a kind of hidden symmetry in the original
model. In the two modified models, the additive terms
violate the hidden symmetry respected by the original
model. Thus, we develop a mapping method to find hid-
den symmetries evolving with the parameters for the two
modified model. We explain the moving of Dirac points
in the two modified models by the evolution of the hid-
den symmetries along with the variation of the parame-
ters, and we explain the merging of Dirac points in the
modified model with a staggered potential by the disap-
pearance of the hidden-symmetry-invariant points in the
Brillouin zone.
A. The original model
The original model supports the existence of mass-
less Dirac fermions with the Dirac points located at
(pi/2,±pi/2) in the Brillouin zone. We will show that the
band degeneracies at the Dirac points are protected by
a hidden symmetry. Here, we define a hidden symmetry
with the operator as follows,
Υ = (eipi)iyσxKTa1/2, (15)
where Ta1/2 = {E|a1/2} is a translation operator that
moves the lattice by a1/2 along the x direction, K is the
complex conjugate operator, σx is the Pauli matrix rep-
resenting sublattice exchange, and (eipi)iy is a local U(1)
gauge transformation. Obviously, the hidden symmetry
operator Υ is an antiunitary operator. The correspond-
ing inverse operator is Υ−1 = (eipi)iyσxKT−1a1/2. It is easy
to verify that the Hamiltonian of the original model is in-
variant under the hidden symmetry transformation, i.e.
H0 = ΥH0Υ
−1.
The hidden symmetry operator Υ acts on the Bloch
functions (8) as follows
ΥΨ
(0)
k (r) =
(
u
(0)∗
2,k (r − a1/2)eikx
u
(0)∗
1,k (r − a1/2)eikx
)
e−i[kxx+(ky−pi)y]
= Ψ
(0)
k′
′
(r). (16)
Because Υ is the symmetry operator for the original
model, Ψ
(0)
k′
′
(r) must be a Bloch wave function of the
original model. Thus, we obtain u
(0)
1,k′(r) = u
(0)∗
2,k (r −
a1/2)e
ikx and u
(0)
2,k′(r) = u
(0)∗
1,k (r − a1/2)eikx , k′x = −kx
and k′y = pi − ky. The square of the hidden symmetry
operator is
Υ2 = Ta1 , (17)
where Ta1 = {E|a1}. Therefore, we have
Υ2Ψ
(0)
k (r) = Ta1Ψ
(0)
k (r) = e
−2ikxΨ(0)k (r). (18)
5From Eqs. (8) and (16), it is easy to show that the
operator Υ has the following effect when acting on the
wave vector k:
Υ : k = (kx, ky)→ k′ = (−kx,−ky + pi). (19)
If k′ = k + Km, then we can say that k is an in-
variant point under the hidden symmetry transforma-
tion. In the Brillouin zone, the Υ-invariant points are
M1,2 = (pi/2,±pi/2) and M3,4 = (0,±pi/2) as shown
in Fig.2(b). For a Υ-invariant point Mi, we have
ΥΨ
(0)
Mi
(r) = Ψ
(0)
Mi
′
(r). Thus, Ψ
(0)
Mi
(r) and Ψ
(0)
Mi
′
(r) are
both the eigenstates of Hamiltonian H0 and have the
same eigenenergy E0(Mi). Considering Eq.(17), we have
Υ2Ψ
(0)
Mi
(r) = Ta1Ψ
(0)
Mi
(r) = e−2iMixΨ(0)Mi(r), where Mix is
the x component of Mi. We define (ψ,ϕ) as the inner
product of the two wave functions ψ and ϕ. The an-
tiunitary operator Υ has the property that (Υψ,Υϕ) =
(ψ,ϕ)∗ = (ϕ,ψ). Therefore, we have
(Ψ
(0)
Mi
′
,Ψ
(0)
Mi
) = (ΥΨ
(0)
Mi
,ΥΨ
(0)
Mi
′
) = (ΥΨ
(0)
Mi
,Υ2Ψ
(0)
Mi
)
= e−2iMix(Ψ(0)Mi
′
,Ψ
(0)
Mi
). (20)
Substituting the concrete Υ-invariant points Mi, we have
Υ2 = −1 at M1,2, while Υ2 = −1 at M3,4. Then we
obtain the solution (Ψ
(0)
Mi
′
,Ψ
(0)
Mi
) = 0 at M1,2, i.e., Ψ
(0)
Mi
′
and Ψ
(0)
Mi
are orthogonal to each other, while (Ψ
(0)
Mi
′
,Ψ
(0)
Mi
)
is unconstrained for Eq.(20) atM3,4. Therefore, we arrive
at the conclusion that the system must be degenerate
at points M1,2 in the Brillouin zone, which are just the
positions where the Dirac points are located. We can
conclude that the two Dirac points are protected by the
hidden symmetry Υ.
B. The modified model with a staggered potential
For the modified model with a staggered potential,
the total Hamiltonian violates the hidden symmetry, i.e.,
[Υ, H1] 6= 0. However, Dirac points still exist and just
move to other points in the Brillouin zone before the
magnitude of the staggered potential v arrives at the crit-
ical value. Due to the von Neumann-Wigner theorem, in
the two-dimensional lattice, the band degeneracy must
be protected by a symmetry.21,22 After the hidden sym-
metry Υ is violated, which symmetry protects the band
degeneracy at the Dirac points? In the following, we will
explain which symmetry is responsible for that.
Now we define a mapping as
Ωv : (k,H1(k),Ψ(1)k (r)) 7→ (K,H0(K),Ψ(0)K (r)), (21)
which maps the Bloch Hamiltonian (11) into the form as
H0(K) = −2t′x cosKxσx − 2t′y cosKyσz, (22)
where t′x = tx and t
′
y = ty + |v|/2. Eq.(22) is just the
Bloch Hamiltonian (6) of the original model except for
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FIG. 5: (color online). The mapping of the Brillouin zone of
the modified model with a staggered potential for (a) v = ty,
(b) v = 2ty, (c) v = 3ty,(d) v = −ty, (e) v = −2ty, and
(f) v = −3ty into the Brillouin zone of the original model,
respectively. The area surrounded by the solid line is the
Brillouin zone of the original model. The yellow shaded area
is the image of the Brillouin zone of the modified model with
a staggered potential mapping into the Brillouin zone of the
original model. The filled circles represent the Υ-invariant
points in the Brillouin zone of the original model.
the different notations of the parameters. Eq.(22) must
have the Υ-invariant points in Brillouin zone as M1,2 =
(pi/2,±pi/2) and M3,4 = (0,±pi/2) as shown in Fig.2(b).
For the wave vectors, the transformation (21) is explicitly
written as
Kx = kx, for kx ∈ [−pi/2, pi/2], (23)
Ky =
− arccos
(
v+2ty cos ky
|v|+2ty
)
, ky ∈ [−pi, 0]
arccos
(
v+2ty cos ky
|v|+2ty
)
, ky ∈ [0, pi]
,(24)
and for the Bloch functions, it can be written as
ΩvΨ
(1)
k (r) = Ψ
(0)
K (r), (25)
where Ψ
(0)
K (r) is the Bloch function of the original model.
The shift from k toK after the transformation isK−k =
(0, δky ) with
δky =
−ky − arccos
(
v+2ty cos ky
|v|+2ty
)
, ky ∈ [−pi, 0]
−ky + arccos
(
v+2ty cos ky
|v|+2ty
)
, ky ∈ [0, pi]
.(26)
The transformation (23) implies that kx mapping into
Kx is just an equivalence. From Eq.(24), we note that
the mapping ky → Ky is more complicated. When
v is positive, Ωv maps the range [−pi, pi] for ky into
the range [− arccos((v − 2ty)/(|v| + 2ty)), arccos((v −
62ty)/(|v| + 2ty))] for Ky. For the points located on
the top and bottom boundaries of the Brillouin zone
of the modified model with a staggered potential, due
to the equivalence between points on the boundary of
the Brillouin zone, the mapping is not one-to-one. For
the interior points of the Brillouin zone of the modified
model with a staggered potential, the mapping is con-
tinuous and one-to-one. On the whole, the mapping is
not surjective for non-vanishing v, i.e., the whole Bril-
louin zone of the modified model with a staggered poten-
tial maps into part of the Brillouin zone of the original
model, as shown in Figs.5(a),(b) and (c). When v is
negative, Ωv maps the ranges [−pi, 0] and [0, pi] for ky
into the ranges [−pi,− arccos((v + 2ty)/(|v| + 2ty))] and
[arccos((v+ 2)/(|v|+ 2ty)), pi] for Ky, respectively. Espe-
cially, Ωv maps ky = 0 into Ky = ± arccos((v+ 2)/(|v|+
2ty)), which is not one-to-one. In the interior part of each
range, the mapping is continuous and one-to-one. On the
whole, the mapping is not surjective for non-vanishing v,
as shown in Figs.5(d),(e) and (f).
We define a new hidden symmetry as Λv = Ω
−1
v ΥΩv,
which consists of three operators acting in order on the
wave vector and the Bloch functions. Since the operator
Λv depends on v, the hidden symmetry evolves along with
the magnitude of the staggered potential. When v = 0,
the operator Λv returns to Υ. For the wave vectors, the
operation is performed as Ωv : k→K, Υ : K →K ′ and
Ω−1v : K
′ → k′. Considering the explicit form of these
transformations as Eqs.(19),(23) and (24), we have
Λv : k = (kx, ky)→ k′ = (−kx,−ky − δky − δk′y + pi).(27)
If the condition k′ = k + Km is satisfied, then we
can say that k is a Λv-invariant point in the Brillouin
zone of the modified model with a staggered poten-
tial. Through Eqs.(26) and (27), we can show that
the Λv-invariant points in the Brillouin zone of the
modified model with a staggered potential have the
form as P1,2 = (pi/2,± arccos(−v/2ty)) and P3,4 =
(0,± arccos(−v/2ty)). We find that when |v/ty| = 2,
Λv-invariant points P1 and P2 are located at the ky = 0
line or the top and bottom boundaries of the Brillouin
zone of the modified model with a staggered potential, so
they meet together. That is so for P3 and P4. However,
when |v/ty| > 2, there is no solution for Λv-invariant
points, i.e. there does not exist any Λv-invariant point.
For the square of the operator Λv, we have Λ
2
v =
Ω−1v Υ
2Ωv. The hidden symmetry operator Λv acting on
the Bloch function Ψ
(1)
k (r) twice successively has follow-
ing the effect:
Λ2vΨ
(1)
k (r) = e
−2ikxΨ(1)k (r), (28)
which can be derived from Eqs.(18), (23), (24) and (25).
Since Λv is an antiunitary operator, similar to Eq.(20),
we have the following equation
(Ψ
(1)
Pi
′
,Ψ
(1)
Pi
) = (ΛvΨ
(1)
Pi
,ΛvΨ
(1)
Pi
′
) = (ΛvΨ
(1)
Pi
,Λ2vΨ
(1)
Pi
)
= e−2iPix(Ψ(1)Pi
′
,Ψ
(1)
Pi
). (29)
From Eq.(28), we have Λ2v = −1 at Λv-invariant points
P1 and P2, and Λ
2
v = 1 at Λv-invariant points P3 and
P4. Therefore, we have the solution (Ψ
(1)
Pi
,Ψ
(1)
Pi
) = 0 at
the Λv-invariant points P1 and P2. We conclude that the
bands must be degenerate at the points P1 and P2 but are
not at the points P3 and P4, which is consistent with the
dispersion relation calculated previously. That is to say,
the Dirac points at P1 and P2 are protected by the hidden
symmetry Λv. Since Λv depends on the magnitude of the
staggered potential v, the hidden symmetry protected
degenerate points P1 and P2 evolve along with changing
of the parameter v for |v/ty| < 2. For the case |v/ty| = 2,
P1 and P2 are the same points, so the Dirac points merge.
When |v/ty| > 2, the Λv-invariant points P1 and P2 do
not exist, so a gap opens.
We can interpret the hidden symmetry protection in a
more intuitive way. Although the modified model with a
staggered potential violates the hidden symmetry Υ, the
operator Ωv can map the Bloch Hamiltonian (11) into the
Bloch Hamiltonian (6), which is just the Bloch Hamilto-
nian of the original model. However, the mapping Ωv is
not surjective. That is, the Brillouin zone of the modified
model with a staggered model maps into part of the Bril-
louin zone of the original model as shown in Fig.5. When
|v/ty| < 2, the image of the Brillouin zone of the modified
model with a staggered model includes the Υ-invariant
points in the Brillouin zone of the original model as shown
in Fig.5(a) and (d). There always exist four points in the
Brillouin zone of the modified model with a staggered
model mapping into the four Υ-invariant points in the
Brillouin zone of the original model. When |v/ty| = 2,
the two points on the boundary or ky = 0 line of the Bril-
louin zone of the modified model with a staggered poten-
tial map into the four Υ-invariant points in the Brillouin
zone of the original model, as shown in Fig.5(b) and (e).
The two Dirac points meet and merge. When |v/ty| > 2,
the Brillouin zone of the modified model with a staggered
potential maps into part of the Brillouin zone of the orig-
inal model, which does not include the Υ-invariant points
as shown in Fig.5(c) and (f). This is to say, there does
not exist any point in the Brillouin zone of the modified
model with a staggered potential that can map into the
Υ-invariant points in the Brillouin zone of the original
model. Thus, there are no symmetries to support the
existence fo Dirac points.
C. The modified model with the diagonal hopping
terms
In the modified model with the diagonal hopping
terms, the hidden symmetry Υ respected by the original
model is violated due to the additive diagonal hopping
terms. However, in this model, the Dirac points do not
vanish, so there must be some symmetry to protect them.
Similarly, we define a mapping from the modified
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FIG. 6: (color online). The mapping of the Brillouin zone of
the modified model with the diagonal hopping terms into the
Brillouin zone of the original model. (a) The Brillouin zone of
the modified model with the diagonal hopping terms, (b) the
image of mapping of the modified model with the diagonal
hopping terms in the momentum space of the original model,
and (c) the image of mapping of the modified model with
the diagonal hopping terms restricted in the Brillouin zone
of the original model for txy = tx; (d) the Brillouin zone of
the modified model with the diagonal hopping terms, (e) the
image of mapping of the modified model with the diagonal
hopping terms in the momentum space of the original model,
and (f) the image of mapping of the modified model with
the diagonal hopping terms restricted in the Brillouin zone
of the original model for txy = −tx. Here, Qi denotes the
Λ′txy -invariant points in the Brillouin zone of the modified
model with the diagonal hopping terms, and Mi denotes the
Υ-invariant points in the Brillouin zone of the original model.
The black curves in (a) and (d) map into the left and right
boundary of the Brillouin zone of the original model.
model with the hopping terms to the original model as
Ω′txy : (k,H2(k),Ψ(2)k (r)) 7→ (K,H0(K),Ψ(0)K (r)), (30)
where Ψ
(2)
k (r) is the Bloch function for the modified
model with the diagonal hopping terms. Toward that
end, we first rewrite the Bloch Hamiltonian (13) as
H2(k) = −2Tky cos(kx − αky )σx − 2ty cos kyσz (31)
where the parameter Tky is defined as Tky =√
t2x + 4t
2
xy sin
2 ky, which depends on ky; the parame-
ter αky also depends on ky and is defined by αky =
arctan(2txy sin ky/tx). If we suppose that the mapping
Ω′txy has the effect as
Ω′txy : (kx, ky)→ (Kx,Ky) = (kx − αky , ky), (32)
and Tky → t′x = Tky cosαky = tx and ty → t′y = ty, then
H2(k) maps into H0(K) as
H0(K) = −2t′x cosKxσx − 2t′y cosKyσz, (33)
which is just the Bloch Hamiltonian (6) except for the
different notations of the parameters. For the Bloch func-
tions, we have
Ω′txyΨ
(2)
k (r) = Ψ
(0)
K (r). (34)
We define a new hidden symmetry as Λ′txy =
Ω′−1txyΥΩ
′
txy . For the wave vectors, the operation is per-
formed as Ω′txy : k → K, Υ : K → K ′, Ω′−1txy : K ′ → k′.
Considering the explicit form of these transformations as
Eqs.(19) and (32), we have
Λ′txy : k = (kx, ky)→ k′ = (−kx + αky + αk′y ,−ky + pi)(35)
If the condition k′ = k + Km is satisfied, then we
can say that k is a Λ′txy -invariant point in the Brillouin
zone of the modified model with the diagonal hopping
terms. In this model, the Λ′txy -invariant points in the
Brillouin zone are Q1 = (− arctan(tx/2txy), pi/2), Q2 =
(arctan(tx/2txy),−pi/2), Q3 = (arctan(2txy/tx), pi/2)
and Q4 = (− arctan(2txy/tx),−pi/2), as shown in Fig.6
(a) for the case of txy/tx > 0 and Fig.6(d) for the case of
txy/tx < 0.
For the square of the operator Λ′txy , we have Λ
′2
txy =
Ω′−1txyΥ
2Ω′txy = Ω
′−1
txyTa1Ω
′
txy . The hidden symmetry op-
erator Λ′txy acting on the Bloch function Ψ
(2)
k (r) twice
successively has the effect as
Λ′2txyΨ
(2)
k (r) = e
−2i(kx−αky )Ψ(2)k (r) (36)
which can be derived from Eqs.(18) and (32). Since Λ′txy
is an antiunitary operator, similar to Eq.(20), we have
the following equation
(Ψ
(2)
Qi
′
,Ψ
(2)
Qi
) = (Λ′txyΨ
(2)
Qi
,Λ′txyΨ
(2)
Qi
′
) = (Λ′txyΨ
(2)
Qi
,Λ′txy
2
Ψ
(2)
Qi
)
= e−2i(Qix−αQiy )(Ψ(2)Qi
′
,Ψ
(2)
Qi
). (37)
From Eq.(36), we can obtain Λ′2txy = −1 at the Λ′txy -
invariant points Q1 and Q2, and Λ
′2
txy = 1 at the Λ
′
txy -
invariant points Q3 and Q4. Therefore, we have the solu-
tion (Ψ
(2)
Qi
′
,Ψ
(2)
Qi
) = 0 at the Λ′txy -invariant points Q1 and
Q2. We conclude that the bands must be degenerate at
the points Q1 and Q2 while the band degeneracy is not
guaranteed at the points Q3 and Q4, which is consistent
with the dispersion relation calculated previously. That
is to say, the Dirac points at Q1 and Q2 are protected
by the hidden symmetry Λ′txy . The hidden symmetry
Λ′txy evolves along with the parameter txy. It is easy to
find that when txy = 0, the hidden symmetry operator
Λ′txy returns to the operator Υ and the degenerate points
Q1 and Q2 are just the points M1 and M2. When txy
changes, the degenerate points Q1 and Q2 move towards
8opposite directions, respectively. When txy approaches
infinity, the degenerate points approach the ky = 0 line
from two sides, respectively. For any value of the param-
eter txy, the degenerate points Q1 and Q2 do not merge
and no gap opens. All these conclusions are consistent
with the dispersion relation calculated previously.
We can interpret the above conclusions from the map-
ping of the Brillouin zone of the modified model with the
diagonal hopping terms to the Brillouin zone of the orig-
inal model, which is shown in Figs.6(a),(b),(c) for the
case of txy/tx > 0 and Figs.6(d),(e),(f) for the case of
txy/tx < 0. Figs.6(a) and (d) show the Brillouin zone
of the modified model with the diagonal hopping terms.
Figs.6(b) and (e) show the image of the mapping Ω′txy
of the Brillouin zone of the modified model with the
diagonal hopping terms in the momentum space of the
original model. If the image of the mapping Ω′txy is re-
stricted in the Brillouin zone of the original model, it is
like that shown in Figs.6 (c) and (f). It is easy to find
that the mapping Ω′txy just shifts the points in the Bril-
louin zone along the x direction as shown in Figs.6(b)
and (e). The mapping Ω′txy is one-to-one and surjec-
tive, which can be found from Figs.6(c) and (d). Specif-
ically, the left and right boundaries of the Brillouin zone
of the modified model with the diagonal hopping terms
as shown in Figs.6 (a) and (b) map into the red solid lines
in the Brillouin zone of the original model as shown in
Figs.6(c) and (f). The black curved lines in the Brillouin
zone of the modified model with the diagonal hopping
terms as shown in Figs.6 (a) and (b) map into the left
and right boundary of the Brillouin zone of the origi-
nal model, where the Υ-invariant points M1 and M2 are
located. The Λ′txy -invariant points Qi(i = 1, 2, 3, 4) in
the Brillouin zone of the modified model with the di-
agonal hopping terms map into the Υ-invariant points
Mi(i = 1, 2, 3, 4) in the Brillouin zone of the original
model. Since the mapping is surjective, there always ex-
ist points Q1 and Q2 in the Brillouin zone of the modified
model with the diagonal hopping terms mapping into the
Υ-invariant points M1 and M2 in the Brillouin zone of
the original model. Therefore, the Dirac points always
are protected by a hidden symmetry and no gap opens
for any value of the parameter txy. Because the corre-
sponding hidden symmetry Λ′txy evolves along with the
parameter txy, the Dirac points move as the parameter
txy changes.
V. CONCLUSION
In summary, we have studied the original model, a
fermionic square lattice with only the horizontal and ver-
tical hopping terms, and the two modified models with
a staggered potential and the diagonal hopping terms,
respectively. All three models support the existence of
massless Dirac fermions. In the original model, there are
two Dirac points in the Brillouin zone, which are pro-
tected by a hidden symmetry. In the modified model
with a staggered potential, the two Dirac points move
away from or approach each other with increasing of the
magnitude of the staggered potential. When the mag-
nitude arrives at a critical value, the two Dirac points
merge at the ky = 0 line or the ky = pi line which is deter-
mined by the sign of the staggered potential. When the
magnitude of the staggered potential is greater than the
critical value, a gap opens, and the system becomes an
insulator. In the modified model with the diagonal hop-
ping terms, the two Dirac points in the Brillouin move
with increasing amplitude of the diagonal hopping in two
opposite directions, respectively. But the Dirac points
never vanish and the system is always gapless for any
amplitude of the diagonal hopping. For the two modi-
fied models, we have developed a mapping method that
maps the modified models into the original model, to find
hidden symmetries evolving with the parameters. The
moving of the Dirac points in the Brillouin zone for the
two modified models can be explained by the evolution of
the hidden symmetries along with the parameters. The
merging of Dirac points in the modified model with a
staggered potential can also be explained by the disap-
pearance of the hidden-symmetry-invariant points in the
Brillouin zone when the parameter is beyond the critical
value. The original model can be realized experimentally
and detected in an optical lattice with laser-assisted tun-
neling as proposed in Reference [6]. Based on the original
model, two modified models can also be realized with the
existing techniques on optical lattices. The topological
charge at Dirac points can be detected by the interfero-
metric approach.24
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